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Magnetoresistance oscillations in two-dimensional electron systems under
monochromatic and bichromatic radiations
X. L. Lei and S. Y. Liu
Department of Physics, Shanghai Jiaotong University, 1954 Huashan Road, Shanghai 200030, China
The magnetoresistance oscillations in high-mobility two-dimensional electron systems induced by
two radiation fields of frequencies 31GHz and 47GHz, are analyzed in a wide magnetic-field range
down to 100G, using the balance-equation approach to magnetotransport for high-carrier-density
systems. The frequency mixing processes are shown to be important. The predicted peak positions,
relative heights, radiation-intensity dependence and their relation with monochromatic resistivities
are in good agreement with recent experimental finding [M. A. Zudov et al., Phys. Rev. Lett. 96,
236804 (2006)].
PACS numbers: 73.50.Jt, 73.40.-c, 78.67.-n, 78.20.Ls
The fascinating phenomena of radiation-induced
magnetoresistance oscillations (RIMOs) and zero-
resistance states (ZRS) in high mobility two-dimensional
(2D) electron systems,1,2,3,4,5 continue to attract
much experimental6,7,8,9,10,11,12,13,14,15,16,17 and
theoretical18,19,20,21,22,23,24,25,26,27,28,29,30,31,32,33,34
attention.
Under the influence of a monochromatic microwave
radiation of frequency ω/2π, the low-temperature mag-
netoresistance of a 2D electron gas (EG), exhibits pe-
riodic oscillation as a function of the inverse magnetic
field 1/B. The oscillation features the periodical appear-
ance of peak-valley pairs around node points ω/ωc = j
(j = 1, 2, 3, 4, · · ·, ωc = eB/m is the cyclotron frequency).
With increasing the radiation intensity the oscillation
amplitude increases and the measured resistance around
the minima of a few lowest-j pairs can drop down to
zero. The nature of this observed ZRS, which was con-
sidered as the result of absolute negative resistance,18
remains an issue for experimental confirmation. A re-
cent measurement of photoresistance under simultane-
ous illumination of two radiation fields of different fre-
quencies by Zudov et al.17 provided a plausible evidence
to link the ZRS to the negative resistance. However,
the empirical superposition relation between the bichro-
matic and two monochromatic resistances, needs refine-
ment and justification.17 The present letter reports such
an examination with the balance-equation approach35 to
magnetotransport for high-carrier-density systems.
In this photon-assisted-scattering based theory,21,29
the transport state of a 2DEG subject to a dc field
E0 and a normally incident monochromatic radiation
Ei = Eis sin(ωt)+Eic cos(ωt), is described by the electron
drift velocity v0+vc cos(ωt)+vs sin(ωt) and an electron
temperature Te. They are determined by the balance
equations (8)–(11) in Ref. 29. The linear (v0 → 0) mag-
netoresistivity is expressed as
Rωxx(ξ) = −
1
N2e e
2
∑
q‖
q2x|U(q‖)|2
∞∑
n=−∞
J2n(ξ)Π
′
2(q‖, nω),
(1)
where q‖ ≡ (qx, qy), Ne is the electron density, U(q‖) is
the impurity potential, ξ ≡ √(q‖ · vc)2 + (q‖ · vs)2/ω,
and Π′2(q‖,Ω) ≡ ∂∂ ΩΠ2(q‖,Ω) stands for the differentia-
tion of the imaginary part of the electron density corre-
lation function with respect to its frequency variable.
The Π2(q‖,Ω) function of a 2D system in a magnetic
field can be expressed as sums over all Landau levels:
Π2(q‖,Ω) =
1
2πl2B
∑
l,l′
Cl,l′(l
2
Bq
2
‖/2)Π2(l, l
′,Ω), (2)
Π2(l, l
′,Ω) = − 2
π
∫
dε [f(ε)− f(ε+Ω)]
× ImGl(ε+Ω)ImGl′(ε), (3)
where Cl,l+m(Y ) ≡ l![(l + m)!]−1Y me−Y [Lml (Y )]2 with
Lml (Y ) the associate Laguerre polynomial, lB ≡
√
1/|eB|
is the magnetic length, f(ε) = {exp[(ε − µ)/Te] + 1}−1
is the Fermi distribution function at electron tempera-
ture Te. The density-of-states (DOS) of the l-th Lan-
dau level is modeled with a Gaussian form, ImGl(ε) =
−(√2π/Γ) exp[−2(ε− εl)2/Γ2], having a half-width Γ =
(8eωcα/πmµ0)
1/2 around the level center εl = lωc. Here
m is the carrier effective mass, µ0 is the linear mobility
at lattice temperature T in the absence of the magnetic
field, and α is a semiempirical parameter.
It can be seen from expressions (2) and (3) that, in
the case of low electron temperature (Te ≪ ǫF, the
Fermi level) and large Landau-level filling factor ν, for
any integer N satisfying |N | ≪ ν, Π′2(q‖,Ω + Nωc) =
Π′2(q‖,Ω). Thus, when ω = lωc (l = 1, 2, ....), the
Π′2(q‖, nω) function in (1) is independent of n, that∑
n J
2
n(ξ)Π
′
2(q‖, nω) = Π
′
2(q‖, 0), and
Rωxx(ξ) = −
1
N2e e
2
∑
q‖
q2x|U(q‖)|2 Π′2(q‖, 0). (4)
(4) indicates that at cyclotron frequency and its har-
monics, ω = lωc (l = 1, 2, ...), the difference of R
ω
xx(ξ)
driven by monochromatic frequency ω fields of different
strengths, can appear only through the difference of elec-
tron heating contained in the Π2 function.
36 Under the
condition of Te ≪ ǫF, the effect of electron heating on
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FIG. 1: (Color online) The magnetoresistivity Rω
xx
induced
by monochromatic radiations of frequency ω/2pi = 31GHz at
lattice temperature T = 1K, in a GaAs-based 2DEG with
Ne = 2.4× 10
15 m−2, µ0 = 2000m
2/Vs and α = 5.
photoresistance is quite weak,21 therefore, at integer-ωc
value of frequency ω, the magnetoresistivity with radi-
ation is essentially the same as that without radiation,
Rωxx(ξ) ≃ Rxx(0), or the photoresponse vanishes at cy-
clotron resonance and its harmonics.
This is clearly seen in Fig. 1, where we plot the cal-
culated magnetoresistivity Rωxx of a GaAs-based 2DEG
with Ne = 2.4× 1015m−2, µ0 = 2000m2/Vs and α = 5,
irradiated by linearly polarized monochromatic waves of
frequency ω/2π = 31GHz having incident amplitudes
Ei = 0, 0.5, 0.7, 1.0, 1.3 and 1.7V/cm at lattice temper-
ature T = 1K. The scattering is assumed due to short-
range impurities and the material parameters used are
the same as in Ref. 33. All the curves, with and without
radiation, cross at ω/ωc = 1, 2, 3, 4, 5, 6 and 7. This fea-
ture, being pointed out before theoretically,19,20,21,22 has
been confirmed by experiments.4,5,8,10 It is quite general,
independent of the polarization state of the radiation, the
behavior of the elastic scattering, and other properties
of 2DEG, and holds quite precisely up to rather strong
radiation field even multiphoton processes play impor-
tant role, as long as the the 2DEG remains in degenerate
(Te ≪ ǫF). It thus provides a convenient and accurate
method to determine the effective mass of 2DEG.
Another feature which shows up when the radiation
strength is modest that contributions from two and
higher photon processes are negligible and RIMOs result
mainly from single-photon-assisted processes:
Rωxx(ξ) ≃ −
1
N2e e
2
∑
q‖
q2x|U(q‖)|2
[
J20 (ξ)Π
′
2(q‖, 0)
+J21 (ξ)Π
′
2(q‖, ω) + J
2
−1(ξ)Π
′
2(q‖,−ω)
]
. (5)
Since the DOS function decays rapidly when deviating
from the center of each Landau level, the magnitude
of Π′2(q‖, ω) reaches a minimum of almost zero when
ω/ωc = (l +
1
2
) (l = 1, 2, 3...). Therefore around these
half-integer-ωc positions, the magnetoresistivity
Rωxx(ξ) ≃ −
1
N2e e
2
∑
q‖
q2x|U(q‖)|2J20 (ξ)Π′2(q‖, 0) (6)
is only weakly dependent on radiation strength through
J20 (ξ), i.e. half-integer-ωc positions are approximately
node points for modest radiation. This can also been
seen in Fig. 1 where almost all the resistivity curves cross
at ω/ωc = 3.5, 4.5, 5.5 and 6.5, and the curves of lower
radiation strengths cross at ω/ωc = 1.5 and 2.5.
Under normally illuminating bichromatic radiation
Ei1 = Ei1s sin(ω1t) + Ei1c cos(ω1t) and Ei2 =
Ei2s sin(ω2t) + Ei2c cos(ω2t), the transport state of a
2DEG can be described by the electron drift veloc-
ity oscillating at both base radiation frequencies, v0 +
v1c cos(ω1t) + v1s sin(ω1t) + v2c cos(ω2t) + v2s sin(ω2t),
together with the electron temperature Te. They are de-
termined by the balance equations (5)–(10) in Ref. 33.
The linear magnetoresistivity is expressed as
Rω1ω2xx (ξ1, ξ2) = −
1
N2e e
2
∑
q‖
q2x|U(q‖)|2
×
∞∑
n1,n2=−∞
J2n1(ξ1)J
2
n2(ξ2)Π
′
2(q‖, n1ω1 + n2ω2). (7)
where ξ1 ≡
√
(q‖ · v1c)2 + (q‖ · v1s)2/ω1 and ξ2 ≡√
(q‖ · v2c)2 + (q‖ · v2s)2/ω2. (7) indicates that bichro-
matic Rω1ω2xx contains, besides the weighted superposition
of mono-ω1 and mono-ω2 contributions, J
2
0 (ξ1)R
ω2
xx(ξ2)+
J20 (ξ2)R
ω1
xx(ξ1), also mixing ω1 and ω2 contributions
(term with n1 = n2 = 0 and terms with both n1, n2 6= 0).
In the degenerate and large-ν case, at positions ω2 =
lωc (l = 1, 2, 3....), Π
′
2(q‖, n1ω1+n2ω2) function does not
depend on n2, thus (7) reduces to
Rω1ω2xx (ξ1, ξ2) = −
1
N2e e
2
∑
q‖
q2x|U(q‖)|2
×
∞∑
n1=−∞
J2n1(ξ1)Π
′
2(q‖, n1ω1) ≈ Rω1xx(ξ1), (8)
i.e. bichromatic Rω1ω2xx (ξ1, ξ2) equals the monochromatic
Rω1xx(ξ1) under ω1-Ei1 radiation (effect of electron tem-
perature difference on photoresistance is negligible). This
means that all the bichromatic Rω1ω2xx (ξ1, ξ2) curves with
fixed Ei1 but changingEi2, cross with the monochromatic
Rω1xx(ξ1) curve of Ei1 at integer-ωc points of ω2. Likewise,
at integer-ωc points of ω1, R
ω1ω2
xx (ξ1, ξ2) ≈ Rω2xx(ξ2).
In the case of ω2 ∼ 1.5ω1, even and odd ωc points ex-
hibit somewhat different behavior. At an even-ωc point
of ω1 (ω1 = 2ωc, 4ωc or 6ωc), ω2 is also close to an
integer ωc (ω2 ≈ 3ωc, 6ωc and 9ωc) that Rω2xx(ξ2) is al-
most identical to the dark resistivity Rxx(0), independent
of Ei2. Therefore, all bichro-resistivity R
ω1ω2
xx , mono-
resistivity Rω1xx and mono-resistivity R
ω2
xx, cross at these
points with dark resistivity Rxx(0). At an odd-ωc point
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FIG. 2: (Color online) The magnetoresistivity Rxx induced
by bichromatic or monochromatic radiations (Rω1ω2
xx
, Rω1
xx
or
Rω2
xx
) in the same 2DEG as described in Fig. 1.
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FIG. 3: (Color online) Same as figure 2 in an enlarged scale.
of ω1 (ω1 = ωc, 3ωc, 5ωc or 7ωc), ω2 is close to a half-
integer ωc (ω2 ≈ 1.5ωc, 4.5ωc, 7.5ωc or 10.5ωc). It is a
node point of Rω2xx(ξ2) when Ei2 changes modestly. Thus,
at these points bichromatic Rω1ω2xx and monochromatic
Rω1xx and R
ω2
xx are nearly the same, but may be somewhat
different from the dark resistivity.
Figure 2 demonstrates the calculated magnetoresis-
tivity Rω1ω2xx versus the inverse magnetic field for the
same GaAs-based 2D system as described in Fig. 1 un-
der linearly polarized bichromatic radiation of ω1/2π =
31GHz and ω2/2π = 47GHz with incident amplitudes
Ei1 = 1.5V/cm and Ei2 = 1.5, 1.8, 2.0, and 2.3V/cm at
T = 1K. The monochromatic Rω1xx at Ei1 = 1.5V/cm
and Rω2xx at Ei2 = 2.3V/cm are also shown. Comparing
with monochromatic ones, the bichromatic curve consists
of much more sizable peak-valley pairs. Since only minor
high-order structures showing up in both monochromatic
curves at these radiation strengths, most of the pairs ap-
pearing in the bichromatic curves relate to mixing photon
processes. We have identified the lowest order (|n1| ≤ 1
and |n2| ≤ 1) individual (ω1 or ω2) and mixing (ω1 − ω2
or ω1 +ω2) photon-assisted electron transition processes
to all the pairs in the figure. Except those pairs around
ω2/ωc = 1 and ω1/ωc = 1, which relate to single-ω2 and
single-ω1 processes, and those around ω1/ωc = 2, 4 and
6, which relate to both individual and mixing photon
processes, all other pairs are related to mixing processes
ω1+ω2 : l (l = 1, 2, ...17) with electron transitions jump-
ing l Landau-level spacings.33
A lower magnetic-field portion of this figure is re-
drawn in Fig. 3 with enlarged scale for clearer compar-
ison with experiments. The predicted positions and rel-
ative heights of bichromatic peaks p1, p2 and p3 around
ω1/ωc = 2.7, 3.1 and 3.9, and the predicted approximate
crossing points c1 (at ω2/ωc = 7), c2 (at ω1/ωc = 5)
and c3 (at ω2/ωc = 8), well reproduce
37 the experi-
mental bichromatic peaks around 270, 222 and 182G
and the experimental crossing points marked in Fig. 2
of Ref. 17, where the empirical superposition relation is
considered valid. The portion of ωc/ω1 = 1 vicinity of
Fig. 2 is also replotted in the inset of Fig. 3 as func-
tions of B. A bichromatic peak p4 shows up clearly
around ωc/ω1 = 1.03, where mono-ω1 curve has a large
positive value and mono-ω2 curve exhibits a small posi-
tive peak. This is exactly what observed experimentally
around B ≈ 730G, where the superposition relation is
apparently invalid.17 The present theory, instead, is able
to provide a unified description for the bichromatic resis-
tivity and its relation to individual monochromatic ones
over the wide magnetic field range.
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